Numerical simulations of fully turbulent weak fountain flow are used to provide direct evidence for the scaling behaviour of fountain flow over the Froude number range Fr = 0.1 − 2.1 and Reynolds number range Re = 20 − 3494. For very weak flow at Fr < 0.4, the flow mean penetration height, Z m , scales with Z m /R 0 = A 1 Fr 2/3 + A 2 Fr 2/3 where R 0 is the source radius. A 1 and A 2 are constants which measure the separate effects of the radial acceleration of fountain fluid from the source (A 1 ) and the backpressure from the surrounding intrusion, if present, on the upflow (A 2 ). The evidence presented is this work suggests that both mechanisms scale with Fr 2/3 . The intrusion behaviour varies with the Reynolds number (Re) but this dependency does not appear to effect the fountain penetration height. For Re < 250 the radial intrusion flow is sub-critical and has different behaviour. Between Fr = 0.4 − 2.1 the effect of source momentum flux increases and the flow structure changes to one where there is a coherent upflow and a cap region where the flow stagnates and then reverses. The two regions have separate scaling behaviour such that the overall height, through this transition range of Froude numbers, can be described by Z m /R = C 1 Fr 2/3 + C 2 Fr 2 , where C 1 and C 2 are constants. Over this transition range the effect of source velocity profile is more significant than the Reynolds number effects and the effect of inlet turbulence is minor. Movies are available with the online version of the paper.
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Introduction
Turbulent fountains or negatively buoyant jets occur in many industrial and geophysical flows. Examples include the flow of lava in magma chambers (Campbell & Turner 1989; Bloomfield & Kerr 1998) , air-conditioning and heating in large buildings (Baines et al. 1990 ), replenishment of solar ponds (Lin & Armfield 2000a ) and volcanic eruptions. The configuration considered here has the direction of buoyancy force directly opposed to the flow direction at the source, so that the upwelling fluid penetrates a distance into the ambient fluid before stagnating and then flowing back directly around itself. This flow is characterised by the Froude number,
where R 0 is the radius of the source. M 0 and F 0 are the source momentum flux and buoyancy flux defined as
where U is the local time averaged axial velocity and U ′ U ′ is the streamwise normal stress, σ is the reduced gravity between the fountain source and the ambient fluid and is defined as σ = g(ρ 0 − ρ ∞ )/ρ ∞ , with the subscript 0 indicating a quantity at the fountain source and ∞ a property of the ambient fluid. U B = Q 0 /A 0 is the bulk velocity at the source with Q 0 and A 0 being the volume flow rate and source cross-sectional area respectively. The characteristic velocity resulting from (1.1) is U 0 = (M 0 /πR 2 0 ) 0.5 which differs from U B , by a factor depending on the source velocity profile and U ′ U ′ .
In high Froude number flow, where Fr 3, the buoyancy forces are weak compared with the source momentum flux and the fountain penetrates a large distance into the ambient fluid. The upflow behaves like a turbulent jet with strong mixing and entrainment of ambient fluid while the downflow behaves more like a dense plume (Baines et al. 1990; Bloomfield & Kerr 2000) . Both the upflow and downflow continue to develop along their trajectories so the flow never attains self-similarity and the flow statistics vary with axial location and Froude number (Mizushina et al. 1982) . The steady-state penetration depth Z m scales as Z m ∼ M 3/4 0 /F 1/2 0 (Turner 1966) or in terms of the source Froude number, Z m /R 0 = CFr , where C is a constant of proportionality ranging between 2.1 − 3.06 (Turner 1966; Campbell & Turner 1989; Baines et al. 1990; Cresswell & Szczepura 1993; Kaye & Hunt 2006; Williamson et al. 2008b; Baddour & Zhang 2009 ). These experimental studies and the analytical work of Kaye & Hunt (2006) suggest that this turbulent flow regime exists for Fr 3. Below the tentative lower limit, over the range Fr ∼ 0 − 3, the fountain undergoes a transition from buoyancy dominated 'very weak flow' to fully developed free shear flow (Kaye & Hunt 2006) . Within this range of Fr ∼ 0 − 3 there is considerable variation in flow behaviour, which is the focus of this study. Preliminary work by the present authors, using direct numerical simulation (dns) of turbulent fountain flow, showed that at Fr = 0.45 the flow is contained around the source and no ambient fluid is drawn into the fountain core (Williamson et al. 2008a) . At Fr = 2.1 a weak shear mixing region is established between the inner upflow, the outer downflow and the ambient.
The change in flow behaviour described above is reflected in the scaling relations for fountain height. Zhang & Baddour (1997) suggested two low Froude number scalings for plane turbulent fountains, first proposing
, and secondly suggesting a simple zero entrainment model which results in Z m ∼ F r 2 . Zhang & Baddour (1998) performed experiments with round fountains over the range 850 < Re < 12750 and 0.37 < Fr < 36.2. For Fr > 7 they found the mean maximum penetration height follows Z max /R 0 = 3.06Fr but for Fr < 7 is better represented by Z max /R 0 = 1.7Fr
1.3 . Lin & Armfield (2000a) later used numerical simulations to examine laminar weak fountain flow and found Z m /R ∼ Fr for round fountains over the range 0.2 Fr 1.0. In subsequent work they extended this work to 0.0025 Fr 0.2, the lowest Froude number range examined to date, finding Z m /R ∼ Fr 2/3 (Lin & Armfield 2000b ). Kaye & Hunt (2006) suggested a three regime classification of round fountain behaviour, labeling them 'forced' for Fr > 3, 'weak' for 1 < Fr < 3 and 'very weak' for Fr < 1. These labels are adopted in the present work. Using an integral model and assuming entrainment in high Froude number forced fountains is similar to that in non-buoyant jets, they found the well established result of Z m /R 0 ∼ Fr. For weak fountains Kaye & Hunt (2006) used the same model but assumed the influence of entrainment to be small. This approach yielded
2 , indicating direct conversion of flow kinetic energy at the source to potential energy, the same as the second weak model of Zhang & Baddour (1997) . For very weak fountains they proposed that the penetration height provides the pressure head to accelerate the flow radially and related the radial outflow of fountain fluid from the nozzle to critical flow over a weir. Using this analogy they found
0 ), the same Froude number scaling obtained by Lin & Armfield (2000b) and Zhang & Baddour (1997) but providing for the first time a real physical explanation for the behaviour.
Difficulties in obtaining fully turbulent flow at low Froude number experimentally using the usual saline/fresh water setup at laboratory scale mean that the details of fully turbulent flow has not yet been reported for very low Froude numbers. Lin & Armfield (2000a,b ) covered a part of this range with their two-dimensional axisymmetric dns (0.0025 Fr 1.0) however in that work, the Reynolds number was low (Re = 5 − 800). Zhang & Baddour (1998) conducted experiments down to Fr = 0.37 and Kaye & Hunt (2006) obtained Fr ∼ 0.2, but in both cases the Reynolds numbers appear to be low. Mizushina et al. (1982) provide high Reynolds number flow statistics for Fr ≈ 5 − 260 and Cresswell & Szczepura (1993) for Fr = 3.16 flow. The aim of this work is to provide direct evidence for fountain behaviour through the very weak to weak transition range. We approach this problem with dns of fully turbulent flow over the range Fr = 0.1 − 1.4. Our numerical model is described in §2. In §3 the general flow behaviour is described and in §4 the rise time and penetration height scaling results are presented. In §5 a momentum balance of the mean flow is used to illustrate mechanisms governing very weak flow behaviour and quantify the Reynolds number effects. In §6 the change in flow structure and behaviour through the very weak to weak transition range is examined. The conclusions are summarised in §7.
Numerical formulation
We use dns to solve the Navier-Stokes equations for incompressible 3D flow and employ the Boussinesq approximation. The non-dimensional continuity, momentum and scalar transport equations are ∂u i ∂x i = 0, (2.1)
where Pr is the Prandtl number, the Reynolds number is defined as Re = U 0 R 0 /ν and ν is the kinematic viscosity of the fluid. The velocity (U i ), temperature (T * ), pressure (P ), time (T ) and length (X i ) are made non-dimensional as
The discretised governing equations were solved in finite volume form on a nonstaggered Cartesian grid. The spatial derivatives were discretised using second order central finite differences except for the scalar advective term which is discretised nominally by a second order centred scheme but with the ultra-flux limiter applied (Leonard & Mokhtari 1990) . We have monitored the effect of the flux-limiter carefully and ensured that the grid is sufficiently well resolved that the limiting only occurs for short periods of time and predominately outside the region of interest in the interface where scalar concentration gradients are very high. The limiter is unfortunately necessary to prevent positive/non-physical temperature regions occurring. The advective terms were advanced in time using the second order Adams-Bashforth scheme while the viscous terms were advanced using the Crank-Nicolson scheme. A fractional step pressure correction method was used to enforce the divergence free constraint and update the pressure field (Armfield & Street 1999) . The Rhie-Chow momentum interpolation method was used for the cell face velocities in the pressure solver (Armfield & Street 2002) . The system of equations was solved with the bicgstab (van der Vorst 1992) solver with a Muilti-grid Jacobi pre-conditioner (Brandt 1977) .
The computational domain is a rectangular box in which the top and side walls are open boundaries. The open boundaries have a zero gradient condition for the velocity and scalar fields and zero second derivative for the pressure correction term. The bottom boundary is no-slip/adiabatic, except for the fountain source located in the centre where the normal velocity and temperature are set as described below.
The configuration in this study is that of a fountain with the source aligned flush with the bottom boundary of the domain, as illustrated in figure 1. The peculiarity of this configuration compared with a re-entrant nozzle configuration commonly used in experimental studies (e.g. Turner 1966; Campbell & Turner 1989; Cresswell & Szczepura 1993; Bloomfield & Kerr 1998) is that the downflowing fluid flows across the lower boundary as a dense intrusion. After a short transient period where the penetration height of the fountain may fluctuate, the fountain reaches a quasi-steady regime where the flow in and immediately around the upflow is established. With a larger domain the intrusion would eventually become viscous and backfill onto the fountain causing a different behaviour to exist. This study is only concerned with the initial transient and quasi-steady regime in this flow configuration within 3 − 4R 0 of the source.
We perform high Reynolds number turbulent simulations at Pr = 0.7, Fr = 0.1 − 1.4 and Re = 3494 (Re B = U B R 0 /ν = 3350), and examine the Reynolds number effects and the effect of inlet velocity profile.
For the turbulent simulations, the inflow at the fountain source is prescribed as an unsteady boundary condition derived from a separate dns simulation of turbulent pipe flow at Re B = 3350. The velocity field was recorded across a single cross-section of a periodic pipe flow simulation at each time-step, after the simulation reached a statistically steady state. The resolution of these simulations is 0.5-2 δ v in the plane cross-section and 3 δ v in the axial direction, where δ v = ν ρ/τ w and τ w is the pipe wall shear stress and the pipe length is 2πR 0 . The mean flow profile and Reynolds stresses of this simulation compare well with the published values of Fukagata & Kasagi (2002) interpolated onto the boundary cell face at the fountain source in the fountain simulation at each time step. This approach ensures a high quality realistic flow, comparable with experimental data, and allows us to quantify the importance of the inlet turbulence on fountain flow behaviour. In all other simulations, the inflow profile is either steady parabolic or uniform. The details of the simulations are given in table 1. The details of a Fr = 2.1 simulation presented by Williamson et al. (2008a) are also given in the table and will be referred to in this work. A regular Cartesian grid is used which is uniform in the horizontal x, y plane within a distance Lu x,y of the centre of the source. Outside this region the grid is stretched with approximately a 3% growth-rate. The grid is uniform in the axial direction up to Lu z and stretched at 3% thereafter. The grid size at the source is approximately 2δ v for Fr = 0.1 − 1.4, fine enough to resolve the smallest structures in the turbulent pipeflow solution and the fountain flow.
Turbulent flow behaviour
The turbulent simulations of Fr = 0.1 and Fr = 0.4 are in the very weak regime, while the Fr = 0.97 simulation is at the transition suggested by Kaye & Hunt (2006) and Fr = 1.4 and Fr = 2.1 are in the middle of the weak regime. Contours of φ and pressure are given in figures 2 and 3 illustrating the flow structure at Fr = 0.1 and 0.4. The flow structure at Fr = 0.97 and Fr = 1.4 is illustrated in figure 4 and 5.
At Fr = 0.1 the penetration height is very small compared with the source diameter. Upon entry into the domain the fluid is immediately forced radially into the intrusion. After the initial establishment of the flow, the penetration height is constant with none of the unsteadiness from the source evident. There is negligible mixing or entrainment into either the cap region or the fountain core. The intrusion flow forms around the source and is supplied with a constant steady mass flux from the source. The mixing in the intrusion interface is driven by Kelvin-Helmholtz (K-H) structures which appear after t = 0.5. Qualitatively the simulation compares well with the low Reynolds number axisymmetric simulations of Lin & Armfield (2000a,b) , except for the mixing in the intrusion. This is examined in § 5. The initial rise and then fall of the fountain front produces a perturbation in the pressure field which is captured in figure 2(a) and 3(a).
At Fr = 0.4, shown in figure 3, the fountain rises to a greater height and the unsteadi- ness from the inlet boundary condition is evident as deformation of the fountain cap at the interface with the ambient fluid. There is no entrainment of ambient fluid into the fountain core. K-H vortices's form in the cap region and flow into the intrusion. They appear to be initiated by the deformation of the cap region and then driven by shear and baroclinic torque in the outflow. The same behaviour is seen at Fr = 0.97 and Fr = 1.4 as illustrated in figures 4 and 5. In figure 4 the development of three K-H structures is followed from an initial perturbation in figure 4(a) through its growth in figures (b-c) and simulations and the Fr = 0.1 simulation, is the presence of a small re-circulation region surrounding the source. Ambient fluid initially in this region is quickly advected out into the intrusion. At Fr = 0.97, the size of the annular recirculation region adjacent to the upflow is illustrated by the velocity vectors in figure 4 . The mixing eventually depletes the ambient fluid in this region and no additional ambient fluid is entrained. This mixing behaviour is illustrated in movies 1-3 (available with the online version of the paper). At Fr = 1.4 the re-circulation region covers more than half the overall fountain height. The fountain fluid rises in a coherent column before stagnating in the cap region where it is forced radially outward in large periodic expulsions, which are not necessarily symmetric around the source axis. The distinction from the Fr = 0.97 flow is that there is mixing of ambient fluid into the annular re-circulation region as shown in figure 5 (a-c).
From figure 5(a) ambient fluid is drawn into the adjacent re-circulation zone, then in (b) there is a large expulsion from the cap region. In (c) the fountain rises again drawing in ambient fluid before the next downflow. In this way the oscillation in fountain height, the accumulation and expulsion of fluid from the cap region and the entrainment of ambient fluid operate on the same cycle which has approximately the same period as one overturn of the re-circulation region, t ∼ 6 − 7 for Fr = 1.4. The time trace of this behaviour is illustrated in §4.
At Fr = 2.1, the flow is no longer characterised by a permanent re-circulation region but by an extended mixing regime with clearly defined boundaries between the upflow, downflow and ambient fluid (see figure 6 ). The inner upflow stream is short however The ejection of dense fluid at one side of the fountain increases the strength of the local downflow and drives large scale structures that increase mixing, as illustrated in Williamson et al. (2008a) . This behaviour also sets the period of oscillation in the fountain height. The outflowing fluid forms an annular vortex around the cap region in a similar way to the Fr = 1.4 flow re-circulation region. In figure 6 the pressure contours and shading of φ illustrate the K-H structures at the top interface and the strong annular vortex at the head of the fountain. The intrusion forms at the base of the fountain causing a local high pressure region there.
Initial transient flow behaviour
The centreline height of the fountain rises to its maximum and then oscillates about a lower mean value after which flow statistics are obtained. The time trace of the source pressure and the maximum penetration height, defined as the point where φ = 0.5, are given in figure 7. Lin & Armfield (2003) showed that in steady low Froude number fountain flow, φ = 0.5, coincides with the u z = 0, so is a reasonable basis for determining fountain height in unsteady conditions. The starting rise times vary according to different time scales.
The initial rise time of high Froude number turbulent fountains was shown to scale on t m ∼ Fr 2 empirically by Pantzlaff & Lueptow (1999) and then by Williamson et al. (2008b) for laminar high Froude number fountain flow. The time scale for the weak flow regime may be obtained using the zero entrainment model proposed by Zhang & Baddour (1997) and Kaye & Hunt (2006) . They assumed direct conversion of kinetic energy to potential energy so U indicates the present simulations at Re = 3494 with an unsteady inlet condition, and q indicate Re = 250 with uniform and parabolic inlet source velocity profiles respectively.
Very weak flow
The results have been interpolated onto a cylindrical coordinate system (r, z, θ) and statistics calculated. The terms in the axial momentum equation are plotted against fountain axial location from the centre of the source to the maximum penetration height at r = 0 in figure 9. At Fr = 0.1 (figure 9a) advection is negligible and the flow is primarily a balance between axial pressure gradient and buoyancy. The result supports the suggestion of Zhang & Baddour (1998) that the relevant length scale for the flow is Z m = f (Q 0 , F 0 ) and is not a function of M 0 .
Very weak flow behaviour is governed by the radial momentum balance and is directly affected by the intrusion. The effect of viscosity on the very weak flow regime has been tested with two simulations with uniform inlet velocity profile at the source for Fr = 0.1 at Re = 250 and Pr = 4 and Re = 20, Pr = 50. The Prandtl number has been varied to ensure diffusive scalar transport, which goes like 1/RePr , is similar in the low Reynolds number regime (Lin & Armfield 2003) .
The radial momentum balance terms for Fr = 0.1 are given in figure 10 figure 10 (a-b) are instead azimuthally averaged at one instant in time and the transient term, which does not go to zero, is also presented.
In the cap region and into the start of the intrusion the balance is dominated by the radial pressure gradient and the radial advection term with viscous effects only important at the interface and only at low Reynolds number. In all three cases the start of the intrusion occurs at r ≈ 1.5. From this point onward the flow behaviour depends strongly on the Reynolds number.
At Re = 20, the flow decelerates into the intrusion against viscosity and the pressure gradient continues to drive the flow. By r = 2.5, the flow is predominantly a balance between viscosity and pressure gradient. The head required to drive the flow against viscosity continues to increase with penetration of the intrusion so the fountain height continues to increase. In this way, at Re = 20, the fountain dynamic is one where the height is directly linked to the depth and extent of the intrusion.
At Re = 250 between r = 1.5 − 2.5 the balance is primarily deceleration against viscosity with the radial pressure gradient less significant. The depth of the intrusion also increases over this region, coinciding with the subcritical Froude number as shown in the following graphs. At r = 3.5 the flow again returns to a balance between viscosity and pressure gradient and behaves as the Re = 20 flow. In the subcritical region the flow depth increases with time and will presumably eventually overwhelm the fountain. The clearly defined diffusive mixing layer above the intrusion is accelerated by viscous forces.
At Re = 3494 the flow is more complex owing to the turbulent mixing in the intrusion. At r = 1.5 momentum is dissipated by viscosity, via dz . The formation of the lower boundary layer and the upper mixing layer where the flow leaves the fountain and enters the intrusion creates the double peaked deceleration profile. The lower peak is a balance between viscosity at the lower wall and turbulent diffusion and the upper peak is predominantly a result of mixing between the intrusion and the upper mixing layer. The radial pressure gradient is significant. In the upper mixing layer ambient fluid is entrained and accelerated into the intrusion primarily by turbulent diffusion. At r = 2.5 the upper mixing layer is unchanged but in the intrusion the pressure gradient is reduced. The flow passes out through the outlet boundary condition with no observable effect on the simulation. Also important to the discussion is the local depth averaged Froude number for the radial flow in the intrusion, Fr r (r). This is illustrated in figure 11 respectively. Figure 11 illustrates the development of the intrusion through to quasisteady flow. For Fr = 0.1 − 0.97 at Re = 3494, the intrusion flow is supercritical through the extent of the domain simulated. The initial rise and establishment of the flow causes the intrusion front to form with the local Fr r being supercritical but subcritical immediately behind in the fountain region. After this passes the intrusion extends into the domain with constant input of mass flux. The increased viscous dissipation in the low Reynolds number simulations and the increased depth have the effect of forcing the flow back to a subcritical Fr r away from the intrusion origin. At Re = 250 the local Fr r maximum occurs at r ≈ 1.4 and is subcritical for r 1.6. At Re = 20 the flow is subcritical everywhere and the intrusion is more directly connected with the source. An additional simulation, not shown here for brevity, was performed at Re = 100 and found to be fully sub-critical also, so the transition between fully sub-critical flow and flow that is critical near the intrusion source occurs between Re = 100 − 250. The scaling for the fountain height can be interpreted from the results as follows. For Re 250 the intrusion flow around the source is supercritical and viscous effects at the source are small. The radial pressure gradient drives radial acceleration so
The pressure head at the center of the source (Z = 0, R = 0) is P 0 = Z m ∆ρg. Where the fountain meets the intrusion at R = R e , P e ≈ 0. The fountain fluid accelerates from U r = 0 to U e =
Q0
Ae from R = 0 to R = R e . In very weak flow where there is no-recirculation region, R e = R 0 (or r e = 1). Following Kaye & Hunt (2006) by using the analogy of critical flow weir flow, the fountain height at R = R e will be H e = Figure 10 shows that the pressure gradient does not go to zero at r = 1 but continues into the intrusion and is significant until r 1.5. The full balance for the pressure gradient at the source must then include the additional back-pressure around the source. In this way dp dr = dūrūr 2dr + dp dr e where the pressure gradient remaining at the edge of the source is given by dp dr e
. The term dp dr e is a function of Reynolds number and Froude number so would suggest a relation of the form z m = f (Fr ) + f (Re, Fr ) where the first term on the right-hand-side is the acceleration term described above and the second term is the additional effect of the intrusion.
From Re = 250 − 3350, the radial pressure gradient around the source at r = 1.5 is comparable in magnitude although the behaviour varies from laminar viscous flow to a turbulent boundary layer flow. This has the result that z m is only slightly affected by the Reynolds number. It is clear in figure 8 that the z m measurements at Re = 3494 and Re = 250 both lie on z m = 1.26Fr 2/3 for Fr < 0.4 so the Reynolds number effect is small, constant and has the same Froude number scaling. This is not surprising as the flow geometry can be shown to also scale with ∼ Fr 2/3 . Because Fr r = 1, h e = 2zm 3 . z m ∼ Fr 2/3 so the scaling for the intrusion depth at the source is h e ∼ Fr 2/3 . The results can then be summarised as z m = (A 1 + A 2 )Fr 2/3 , where A 1 and A 2 are constants representing the separate effects of radial acceleration at the source and the backpressure from the intrusion respectively.
In figure 8 , the fountain penetration height measurements of Zhang & Baddour (1998) and Kaye & Hunt (2006) are clearly much smaller than those in the present study or in Lin & Armfield (2000b) . The key difference between these studies is the nozzle configuration. Zhang & Baddour (1998) and Kaye & Hunt (2006) appear to use a re-entrant nozzle configuration whereas the others are flush mounted with the lower wall and are therefore affected by the intrusion.
For Re 100 the flow is sub-critical, viscous and governed by the extent of the intrusion in a viscous hydraulic balance, a quite different flow which has been addressed by Huppert (1982) and Snyder & Tait (1995) . The present work then suggests two regimes of flow behaviour with the transition between Re = 100 − 250.
Very weak to weak flow
In the axial momentum balance in figure 9 , the transition from very weak flow at Fr = 0.1 to weak flow at Fr = 2.1 can be seen quantitatively as an increase in the advection term at the expense of the pressure gradient. The fluid enters the domain with zero mean radial velocity so the axial acceleration term is zero and the buoyancy force is balanced by an axial pressure gradient. As the flow rises, the flow decelerates and the axial pressure gradient decreases. Continuity requires that the fluid accelerate radially. The axial advection term rises to its maximum value and then decreases to zero where the fluid approaches the stagnation point and the flow reverts to a balance between axial pressure gradient and gravity. Turbulent diffusion is negligible through the fountain core, only becoming significant at the oscillating top interface with the ambient fluid for Fr = 1.4 and Fr = 2.1.
A vector plot of the mean flow at Fr = 1.4 in figure 12 (a) shows how the flow rises and flows outward above the re-circulation zone. In figure 12 (b-f) contour plots of the balance terms in the radial and axial momentum equations are presented. The radial acceleration peaks above the re-circulation region at the outflow (r ≈ 1, z ≈ 1.4), while the axial acceleration peaks just before the cap region.
In the absence of viscous or turbulent diffusion the total pressure
, where p t is the non-dimensional static pressure remaining at the top of the fountain stagnation point. The source velocity head is a constant so the behaviour of p 0 is examined here.
If the flow can be decomposed into two regions as z m = h c + h r where h c is the non-dimensional cap region height and h r is the height of the re-circulation zone/upflow column illustrated in figure 13 (b) , the two regions may be modelled separately. Using the very weak flow model, the cap region may be assumed to be hydraulically controlled so
and h c = C 1 (Fr C r ) 2/3 . This leaves 2) or h r = C 2 Fr 2 , which is the zero entrainment scaling. In table 2, h r is defined arbitrarily as the maximum axial location reached by a Lagrangian particle trajectory, in the mean flow field, originating from the fountain source at r = 0.99. This point also coincides with the axial location of maximum radial acceleration illustrated in figure 12(e). In the same table the other terms in the hydraulic energy balance between z = 0 and z = z m at r = 0 are given. For the laminar results, (6.1-6.2) are shown to hold. The hydraulic balance is not as close for the turbulent simulations results but this could be an effect of the inlet velocity profile.
The correlation coefficients C 1 and C 2 are given in the table for both the fully turbulent simulation results together with uniform inlet velocity laminar simulation results from Fr = 0.05 − 1.0. For the cap region/very weak flow, C 1 decreases from 1.3 to 1.1 in both laminar and turbulent simulations as the influence of the intrusion is reduced but not to the 0.66 limit suggested in § 5. Using the source centreline velocity in (6.2) of u z = 1.0 for the uniform simulations and u z = 1.31U B /U 0 for the turbulent simulations, the expected values of C 2 are 0.5 and 0.79 respectively. The measured values of C 2 given in the table are 0.57-0.5 for the uniform runs and 0.56-0.7 for the non-uniform turbulent profiles.
The radial location of h r , r e and the depth of the outflow at this location, h e , are given in the The flow in the cap region at Fr = 2.1 is more dynamic and the flow is structurally different with an extended mixing region, so the approach described to separate the two regions is not possible. In table 2 the height of the cap region is inferred using the assumption that h c ≈ p 0 Fr 2 for comparison. There is increased energy loss from turbulent diffusion so the penetration height is less than the source pressure and centreline momentum flux.
Additional runs were performed at Re = 250 and Fr = 0.05, 0.1, 0.5, 0.75, 1.0 for both parabolic and uniform source velocity profiles. The results presented in figure 8 show the uniform and parabolic results have nearly the same penetration height for Fr = 0.05 − 0.1 but above Fr = 0.5 the parabolic profile penetrates a greater distance. The low Reynolds number steady fountain simulations from Williamson et al. (2008b) are included in this figure with the Froude numbers calculated assuming fully parabolic velocity profiles. The Reynolds numbers are small ranging between Re = 56 − 92. Lin & Armfield (2003) suggested that at these Reynolds and Froude numbers, the height is increased approximately 10-12% by viscous effects (z m = 1.324 +
1.346
Re 1/2 for Fr = 1; Eqn 35 in Lin & Armfield (2003) ). The measurements compare well with the parabolic numerical results.
The difference between the penetration heights of the two profiles as a result of higher centerline velocity is not captured locally in the definition of the Froude number, which is a bulk value. The plot of total pressure p T = 
Fr
2 +p for parabolic and uniform source velocity profiles at Fr = 1 and Re = 250 is given in figure 13 . In both cases there is an absence of viscous dissipation or turbulent diffusion as demonstrated in figure 9 and the total pressure is conserved through the fountain height. The higher centerline momentum flux of the parabolic profile means the fountain reaches a greater height. The convergence of the two profiles at lower Froude numbers to z m = 1.26Fr 2/3 in figure 8 is indicative of the transition to the hydraulically controlled very weak flow regime. This result may explain some of the scatter in the range Fr = 1.0 − 3.0 in figure 8. The higher Reynolds number simulations in this study at Fr = 0.97, 1.4 and 2.1 coincide well with Zhang & Baddour (1998) but the penetration heights are greater than the uniform axisymmetric simulations of Lin & Armfield (2000a) in this region.
Conclusions
Turbulent weak fountain flow has been examined over the range Fr = 0.1 − 2.1. The scaling for the fountain height, the initial rise time behaviour and momentum balances have shown that there is a continuum of behaviour over this transition Froude number range, from hydraulically driven buoyancy dominated flow to momentum dominated flow. The absence of energy dissipation in this flow enables the fountain penetration height to be described using a simple hydraulic energy balance, z m = 1 2 u 2 Fr 2 + (p 0 − p t )Fr 2 .
For Fr < 0.4 and Re > 250, the flow is dominated by (p 0 − p t )Fr 2 and the fountain height rises to accelerate the fluid from the source radially. In this regime z m = A 1 Fr 2/3 + A 2 Fr 2/3 . The A 1 Fr 2/3 term represents the scaling of radial pressure gradient. In very weak wall-bounded fountain flow, the intrusion is directly connected with the fountain outflow. Backpressure from the outflow increases the required fountain penetration height and this is captured in the second term in the scaling, A 2 Fr 2/3 . The viscous effects at the source are small for Re > 250. For Re 100 the radial outflow is at a sub-critical Froude number everywhere and the flow behaves as a viscous gravity current.
Over the transition range of Fr = 0.4 − 2.1, the flow rises with two regions having distinct behaviours, an upflow core where the height correlates with h 2 ≈ 1 2 (uFr) 2 and a cap region where very weak flow behaviour is observed. The combined scaling can be given as z m ∼ C 1 Fr 2/3 + C 2 Fr 2 . Over this transition range the effect of source velocity profile is more significant than Reynolds number effects.
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